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Darboux Transformation
for the non-stationary Shrodinger Equation
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St. Petersburg, Staryi Peterghof, 198504, Russia
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The Lax representation for the nonstationary Shrodinger equation with rather arbitrary
potential is proposed. Some examples of the onstrution of exat solutions are given by means
of Darboux Transformation method.
1. Introdution.
The inrease of interest to the non-stationary Shrodinger equation (NtSH) notied dur-
ing last deades is apparently explained not only by needs to solve quantum-mehanial
problems, but also by its role in the method of inverse problem (for example, in the theory
of the Kadomtsev-Petviashvili equation) and related problems [1-4℄.
It is neessary to note, that known methods of onstrution of the exat solutions of
NtSH equation are basially onentrated around two methods: the method of intertwin-
ing relations (its speial ase is a method of Darboux Transformation (DT)) [1,2℄ and
the method of dressing hains (see, for example, [3℄). These methods have both some
advantages and definite defets (without details, we shall speify only, that they do not
give a regular proedure of onstrution of the solutions neither for any rather "good"
potentials, nor for the ase of higher spatial dimensionality).
It is neessary to mention separately the paper [5℄, in whih the sattering theory was
developed diretly for the NtSH equation, and its onnetion with the solutions of the
Kadomtsev-Petviashvili equation was disussed.
In a ertain sense the alternative approah was proposed in [6℄. It is based on the
appliation of the Darboux-like anzatz, it does not depend on the spatial derivatives (and,
hene, on the dimensionality of the problem), and it also redues the solution of NtSH
equation to the solution of some funtional-differential equation, whih does not ontain
any potential.
The idea of the present paper is the following. The NtSH equation (though it is
linear, but it inludes a oeffiient funtion - potential) is onsidered as a (rather speial)
partiular ase of the nonlinear Shrodinger equation:
iΨt = −Ψxx + κ(Ψ, Ψ¯)Ψ, (1.1)
assuming that κ(Ψ, Ψ¯) ≡ W (x, t), where W (x, t) is a given funtion depending only
on spatial and time arguments. Then this equation represents the ompletely integrable
system. It means, that it possesses also all appropriate attributes of suh systems: the
sattering problem, an infinite and involutive series "of the onservation laws" (sine
the initial system is not onservative, no sense to speak about "the relations of balane"),
identities of traes, hierarhy of the higher equations et. Certainly, besides that it also
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allows to onstrut the exat solutions of the initial equation, for whih only limited lass
of solutions is known up to now (see, for example, monography [7℄; let's also note here
the important review [8℄, in whih the quantum-mehanial systems were disussed from
the point of view of the representation theory of groups and algebras).
Thus, the problem is redued to the onstrution of a Lax pair and to the analysis of
the appropriate assoiate linear system.
The paper is organized as follows. In Setion 2 we obtain the Lax representation by
means of transition to the Heisenberg piture. Setion 3 is devoted to verifiation of the
ovariane property and to alulation of the exat solutions by the DT method.
2. Lax Representation and Heisenberg Piture.
Let us onsider the NtSH equation (here and below we use the system of units, in
whih the Plank's onstant ~ = 1, and the mass of partilem = 1/2) in the oordinate
representation:
iΨt = −Ψxx +WΨ, (2.1)
where Ψ = Ψ(x, t) is the wave funtion 1. Potential W = W (x, t) is supposed to be given
(it plays a role of funtional parameter) and real, therefore:
i(|Ψ|2)t = (Ψ¯xΨ−ΨxΨ¯)x. (2.2)
Let's rewrite the equation (2.1) as a ondition of ompatibility of linear system of (2× 2)
matrix equations:
Φx = UΦΛ, Φt = V ΦΛ, (2.3)
where Φ = Φ(x, t, λ) ∈Mat(2,C), Λ = diag(λ, λ¯), λ ∈ C is the parameter, Imλ 6= 0, and
let's assume that
U = U(x, t) =
(
u0 f0
g0 u¯0
)
, V = V (x, t) =
(
v0 p0
q0 v¯0
)
. (2.4)
Here u0 = u0(x, t), v0 = v0(x, t), f0 = f0(x, t), g0 = g0(x, t), p0 = p0(x, t), q0 = q0(x, t),
and the equation (2.1) is equivalent to the relation:
u0t = v0x. (2.5)
It an be onsidered as the onstraint, whih an be solved as:
u0 = iΨ(x, t)− α
2
∫ t
0
W (x, t′)Ψ(x, t′)dt′ + A0(x),
(2.6)
v0 = −Ψx(x, t) + 2− α
2
∫ x
−M
W (x′, t)Ψ(x′, t)dx′ +B0(t),
1
As was notied in [5℄, the replaement Ψ → Ψexp (λt/i) redues the equation iΨt = −Ψxx +
(W (x, t) − λ)Ψ, where λ ∈ C, to the form in (2.1), and thus the analysis given below is appliable also
to this equation.
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where α ∈ R is the parameter, A0(x), B0(t) are arbitrary funtions, and M > 0 is
arbitrary (finite or infinite) number, introdued in order to provide the onvergene of
integrals below.
The requirement of ompatibility of system (2.3) leads to relations: Ut − Vx = 0 and
[U, V ] = 0; by the straightforward alulations one an hek that they will be fulfilled,
if the funtions f0, g0 will satisfy the linear equations in partial derivatives of the first
order:
(ln f0)t − 1
w0
(ln f0)x = − 1
w0
(lnw0)x, (ln g0)t − 1
w0
(ln g0)x = − 1
w0
(lnw0)x, (2.7)
where w0 = (u0 − u¯0)/(v0 − v¯0), w0 = w¯0.
For the solution of these equations we shall introdue the real funtion ξ1 as the
urvilinear integral:
ξ1 = ξ1(x, t) = i
∫ (x,t)
(x0,t0)
(u0 − u¯0)dx+ (v0 − v¯0)dt, ξ1 = ξ¯1, (2.8)
where x0 is the initial point, t0 is the initial moment of time (later on we put t0 = 0).
By virtue of a ondition (2.5) the integral (2.8) does not depend on the integration
path. It allows to integrate the equation (2.7). Taking into aount that w0 = ξ1x/ξ1t,
we have:
f0 = ξ1xF0(ξ1), g0 = ξ1xG0(ξ1), (2.9)
where F0(.), G0(.) are arbitrary funtions. Therefore p0 = ξ1tF0(ξ1), q0 = ξ1tG0(ξ1), and
finally we obtain:
U = U(x, t) =
(
u0 ξ1xF0(ξ1)
ξ1xG0(ξ1) u¯0
)
, V = V (x, t) =
(
v0 ξ1tF0(ξ1)
ξ1tG0(ξ1) v¯0
)
.
(2.10)
Thus, using the Heisenberg piture, we formally have found the Lax representation
for equation (2.1). Let us notie that the requirement of reality of potential together
with the ondition (2.2) does not impose any additional restritions on matrix elements
of matries U and V .
Let us onsider in more detail the Heisenberg piture, whih appeared here. For that
the equation (2.1) an be rewritten as:
iΨ
(S)
t = H(t)Ψ
(S), (2.11)
where H(t) is the Hamiltonian, assumed hermitian and time-dependent. Let's assume
that
Ψ(S) = Uˆ(t)Ψ(H), (2.12)
where Ψ(S), Ψ(H) are the vetors of state in the pitures of Shrodinger and Heisenberg,
orrespondingly, Uˆ is the unitary operator. From (2.11), (2.12) it follows, that this
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operator satisfies the equation: Uˆt = −iH(t)Uˆ , whene by the assumption, that Uˆ(0) = I,
where I is the unit operator, we obtain:
Uˆ(t) = Tˆ e−i
∫
t
0
H(t′)dt′ , (2.13)
where Tˆ is the time-ordering operator (Dayson operator).
Aording to the basi priniples of the Quantum Mehanis, if L0, L(t) are the
observables in pitures of Shrodinger and Heisenberg orrespondingly, the average values
of these observables in both pitures oinide:
< Ψ(S)|L0|Ψ(S) >=< Ψ(H)|L(t)|Ψ(H) > .
Then taking into aount the unitarity of Uˆ , from the last equation we shall obtain
L(t) = Uˆ+(t)L0Uˆ = Uˆ−1L0Uˆ . (2.14)
where the symbol "+" means the hermitian onjugation. Differentiating (2.14) in time,
we shall have:
Lt = i[Uˆ
−1HUˆ, L]. (2.15)
It is possible to obtain the representation equivalent to this, using the another, in om-
parison with (2.13), relation for the operator Uˆ . Atually, it is easy to see, that
Uˆ(t) = 1− i
∫ t
0
H(t′)Uˆ(t′)dt′ =
=
∞∑
n=0
1
n!
(
1
i
)n ∫ t
0
dt1
∫ t
0
dt2 . . .
∫ t
0
dtnTˆ (H(t1) . . .H(tn)). (2.16)
Let us assume that Rˆ = [H, Uˆ ]. Then due to (2.16) we have:
Rˆ =
∞∑
n=0
1
n
!
(
1
i
)n ∫ t
0
dt1
∫ t
0
dt2 . . .
∫ t
0
dtn[H(t), Tˆ (H(t1) . . .H(tn))],
and, hene,
Lt = i[H + Uˆ
−1Rˆ, L]. (2.17)
Thus, equations (2.15) and (2.17) are the generalizations of Heisenberg's equations of
motion for the ase when operators H(t) and Uˆ do not ommute; and the equation (2.17)
is equivalent to (2.1). It is easy to show, supposing that the quantity u0 in (2.6) is the
observable in a piture of Heisenberg, setting formally u0 = K1Ψ
(S), v0 = K2Ψ
(S)
, where
K1, K2 are the integral and integro-differential operators orrespondingly, and obtaining
the losed equation for u0: u0t = [K2(K
−1
1 u0)]x.
3. Darboux Transformation and Exat Solutions.
Let us proeed to the onstrution of exat solutions of equation (2.1). With that end
in view, we shall use a method of matrix Darboux Transformation [9℄, setting in (2.6)
α = 0.
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Let Φ1 is the solution of system (2.3), orresponding to a hoie of solution Ψ = Ψ1 of
equation (2.1) with some fixed value λ = λ1. Let us assume that L1 = Φ1Λ
−1
1 Φ
−1
1 , L1 ∈
Mat(2,C). Then we shall hek the ovariane of the system (2.3) under the transforma-
tion:
Φ˜ = Φ− L1ΦΛ. (3.1)
This proedure results to the following "dressing" formulas:
U˜ = L1UL
−1
1 , U˜ = U + Φ1[Λ
−1
1 ,Φ
−1
1 Φ1x]Φ
−1
1 ,
(3.2)
V˜ = L1V L
−1
1 , V˜ = V + Φ1[Λ
−1
1 ,Φ
−1
1 Φ1t]Φ
−1
1 ,
eah of whih, as it an be heked by diret alulations, is equivalent to others.
The formulas (3.2) an be slightly simplified, using possible symmetries (involutions)
of the problem. Atually, ombining the relations Λ¯ = σ1Λσ1 and Λ¯ = σ2Λσ2, where
σ1, σ2 are Pauli matries, and orrespondingly: U¯ = σ1Uσ1 (if p¯0 = q0) and U¯ = σ2Uσ2
(if p¯0 = −q0), we obtain Φ¯ = σ1Φσ1, and Φ¯ = σ2Φσ2, orrespondingly.
From the seond of relations (3.2) after some alulations we have:
Ψ˜ = Ψ + iYx, Y = Y (x, t, λ1) ≡ λ1 − λ¯1|λ1|2
(
1
1− |y|2
)
, (3.3)
where y = y(x, t, λ1) = ϕ
(1)
21 (x, t, λ1)/ϕ
(1)
11 (x, t, λ1), ϕ
(1)
ij (x, t, λ1) are matrix elements of the
matrix Φ1.
The expression for "dressed" potential of the NtSH equation an be found either by
replaing in (2.1) Ψ → Ψ˜ and W → W˜ , or by using the following reasons. From fourth
of relations (3.2), analogously (3.3), we have:
v˜0 = v0 − Yt. (3.4)
From the expliit expression for v0 we find:
W˜ (x, t) = W (x, t)
Ψ
Ψ + iY
− Yxt
Ψ+ iY
− i Yxx
Ψ + iY
. (3.5)
Let us notie also that the reality of potential W˜ follows from (3.3).
Now for onstrution of the solutions of equation (2.1) it is neessary to integrate the
system (2.3). For this purpose we shall rewrite it as the overdetermined salar system of
the Riatti equations for the funtion y:
yx = −λ1[f0y2 + (u0 − u¯0)y − f¯0], yt = −λ1[p0y2 + (v0 − v¯0)y − p¯0]. (3.6)
Therefore in partiular it follows, that y satisfies the linear equation in partial derivations:
yx = w0yt, whih has the solution of a kind y = R(ξ1), where R(.) is an arbitrary omplex-
valued funtion of ξ1, determined by relation (2.8). To find this funtion, we shall onsider
first of the equations (3.6) at t = 0 2. For its solutions we shall suppose, that y = 0 at
2
As it follows from (2.8), the orresponding expression is ξ1(x, 0) = i
∫ x
−M
(u0(x
′, 0)− u¯0(x′, 0))dx.
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x = −M and y is a bounded funtion for all x > M . Let us take advantage of an
arbitrariness in a hoie of funtion f0. Then in the simplest ase of integrability it is
neessary to hoose f0 = −f¯0 = c0 = c¯0 = const. Coming bak to the variable ξ1 for the
funtion y, we shall find ( λ1 = −λ¯1, y(x, t) = y¯(x, t)):
Y (x, t) = y(ξ1) =
tanΘ1√
2 + tanΘ1
, Θ1 = Θ1(ξ1) = − λ1√
2
∫ ξ1
−M
[u0(x
′, 0)− u¯0(x′, 0)]dx′. (3.7)
Thus, from (3.3), taking into aount (3.7), we shall have:
Ψ˜ = Ψ + 2i
[u0(x, 0)− U¯0(x, 0)][u0(x, t)− u¯0(x, t)]
cosh2 Θ1(
√
2 tanhΘ1 + 1)2
(
√
2 + tanhΘ1). (3.8)
The Darboux Transformation (3.1) an be multiply iterated, leading multiply "dressed"
solutions (proedure of their onstrution for solitons of deformed Heisenberg magnet
based on the dressing formulas similar to (3.2) is given, for example, in [10℄).
Let us disuss two simplest examples, illustrating an appliation of the proposed ap-
proah.
a). Let W (x, t) = 0, i.e. we shall onsider the free NtSH equation, and let us hoose
Ψ = Ψ1 as a plane wave: Ψ1 = ae
ikx−ik2t
, where a is the amplitude of the wave, k is the
wave number. Then, taking for simpliity M = 0, from (2.8) we have:
ξ1 = −4a
k
sin(kx− k2t), (3.9)
and the expression for "dressed" wave funtion reads:
Ψ˜ = aeikx−ik
2t[1− 2acos kx(1− e
−2i(kx−k2t))(tanhΘ1 +
√
2)
cosh2 Θ1(
√
2 tanhΘ1 + 1)2
], (3.10)
where
Θ1 = Θ1(ξ1) =
iλ1√
2k
a sin ξ1(x).
This wave funtion will orrespond to the potential W (x, t) = W˜ (ξ1), determined from
(3.5). Let us notie here an ourrene of the harmoni with the "opposite" phase in the
spetrum of exitations of the system.
b). Let the initial solution be the well-known wave funtion for the harmoni osillator
( W (x) = (1/4)ω20x
2
) (see, for example, [11℄):
Ψ1n(x, t) = cne
−iω0(n+1/2)te−
ω0x
2
4 Hn(
√
ω0
2
x), (3.11)
where ω0 is the frequeny, Hn(.) is Hermit polynomial, cn are the real normalization
onstants. Taking Ψ1n(x, t) = X(x)T (t) and X = X¯ , aording to (2.8), we shall find
(M =∞):
ξ1 = −(T + T¯ )|t=0
∫ x
−∞
Xdx− iXx|x=−∞
∫ t
0
(T − T¯ )dt+ i
∫ t
0
(T − T¯ )dt
∫ x
−∞
WXdx, (3.12)
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and
Θ1 = Θ1(ξ1) = −icnλ1
∫ ξ1
−M
e−
ω0x
2
4 Hn(
√
ω0
2
x)dx, λ1 = −λ¯1.
Then, from (3.3) we find
Ψ˜1n(x, t) = cnHn(
√
ω0
2
x)e−
1
4
ω0x2 [e−iω0(n+
1
2
)t+
(3.13)
+
2cnHn(
√
ω0
2
x)e−
1
4
ω0x2 cos[ω0(n +
1
2
)t](
√
2 + tanhΘ1)
cosh2 Θ1(
√
2 tanhΘ1 + 1)2
],
and, hene, we have here the same effet, as in the previous ase.
In onlusion of this setion we shall onsider the onnetion of Darboux Transforma-
tion and the theory of the oherent states. For this purpose we shall represent the wave
funtion of this state, whih is defined as the minimizing for the unertainty relations
3
,
as a deomposition in the wave funtions of the harmoni osillator:
Ψcoher =
∑
n
AnΨ1n, (3.14)
where Ψ1n are defined by the expression (3.11), and An are oeffiients of the deomposi-
tion. After the single appliation of Darboux Transformation we have: An → A˜n, Ψ1n →
Ψ˜1n and, besides that,
∑
n
AnΨ1n =
∑
n
A˜nΨ˜1n, (3.15)
where
An =
∫
Ψcoher(x, t)Ψ¯1n(x, t) dx, A˜n =
∫
Ψcoher(x, t)
¯˜Ψ1n(x, t) dx.
Then taking into aount (3.3), we obtain the onnetion of oeffiients An and A˜n:
A˜n = A˜n − i
∫
ΨcoherY¯x dx, (3.16)
where the quantity Y is determined in (3.3).
4. Conlusion.
Let us notie, that it is possible also to find a slightly different Lax representation
for the equation (2.1), allowing to study the sattering theory for the operator of the
3
It is possible to define the oherent states in another way as eigenstates of non-hermitian annihilation
operator; then the quantities An are onneted with matrix elements of this operator.
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assoiated linear problem. On this basis it is possible to obtain, in partiular, "the re-
lations of balane" (instead of onservation laws, beause an initial system, as it was
already marked, is not onservative), and also to onstrut the hierarhy of the "highest"
equations. It is espeially interesting, that already the simplest equations appear to be
nonlinear.
As a whole, suh approah an probably serve as a basis for quasilassial quantization
of NtSH equation as a ompletely integrable system. We are going to present these results
later on.
The author is grateful to I.V.Komarov and M.V. Ioffe for the useful ritial remarks.
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